Abstract. An endomorphism f of a projective variety X is polarized (resp. quasipolarized) if f * H ∼ qH (linear equivalence) for some ample (resp. nef and big) Cartier divisor H and integer q > 1. First, we use cone analysis to show that a quasi-polarized endomorphism is always polarized, and the polarized property descends via any equivariant dominant rational map. Next, we show that a suitable maximal rationally connected fibration (MRC) can be made f -equivariant using a construction of N. Nakayama, that f descends to a polarized endomorphism of the base Y of this MRC and that this Y is a Q-abelian variety (quasi-étale quotient of an abelian variety). Finally, we show that we can run the minimal model program (MMP) f -equivariantly for mildly singular X and reach either a Q-abelian variety or a Fano variety of Picard number one.
Introduction
We work over an algebraically closed field k which has characteristic zero, and is uncountable (only used to guarantee the birational invariance of the rational connectedness property). Let f be a surjective endomorphism of a projective variety X. We say that f is polarized (resp. quasi-polarized), if there is an ample (resp. nef and big) Cartier divisor H such that f * H ∼ qH (linear equivalence) for some integer q > 1. If X is a point, then the only trivial endomorphism is polarized by convention.
Let X be a projective variety of dimension n. We refer to Definition 2. Suppose further X is normal. Then the numerical equivalence and the weak numerical equivalence are the same for R-Cartier divisors; in particular, the natural map N 1 (X) → N n−1 (X) is well defined and an injection (cf. Definition 2.2 and Lemma 2.3). A Weil R-divisor F is said to be big if F = A + E for some ample Q-Cartier divisor A ∈ N 1 (X) and pseudo-effective Weil R-divisor E; see Definition 2.4.
A surjective endomorphism f : X → X of a projective variety X is a finite morphism.
In fact, f induces an automorphism f * : N 1 (X) → N 1 (X). So an ample divisor is the pull Let V be a projective variety of dimension n. V is said to be uniruled if there is a dominant rational map P 1 × U X with dim(U) = n − 1. V is said to be rationally connected, in the sense of Campana and Kollar-Miyaoka-Mori, ( [6] , [23] ), if any two points of V are connected by a rational curve, which is equivalent to saying that two general points of V are connected by a rational curve since our ground field is uncountable (see [21] ). Given a uniruled projective variety X, there is a fibration: π : X Y , such that Y is a non-uniruled normal projective variety (cf. [16] ) and the graph of π over Y has the general fibre rationally connected. We call it an MRC (maximal rationally connected) fibration in the sense of Campana and Kollar-Miyaoka-Mori and this fibration is unique up to birational equivalence (cf. [21] ). The Albanese map of X always factors through the MRC fibration; see Lemma 4.2.
However, in general, fixing one MRC fibration, a surjective endomorphism of X descends only to a dominant rational self-map of Y . Nevertheless, we have the next result.
Proposition 1.6. Let X be a normal projective variety with a polarized endomorphism f : X → X. Then there is a special MRC fibration π : X Y in the sense of Nakayama [31] (which is the identity map when X is non-uniruled) together with a (well-defined)
surjective endomorphism g of Y , such that the following are true.
(1) g • π = π • f ; g is polarized.
(2) Y is Q-abelian (with only canonical singularities). Hence there is a finite surjective morphism T → Yétale in codimension one with T an abelian variety and g lifts to a polarized endomorphism g T of T . (4) If X has only klt singularities, then π is a morphism.
Remark 1.7.
(1) By N. Fakhruddin (cf. [10] ), the set of g-periodic points Per(Y, g) := {y ∈ Y | g s (y) = y for some s > 0} is Zariski dense in Y . Thus the fibreΓ y of the normalization of the graph of π over each y ∈ Per(Y, g) is rationally connected and admits a polarized endomorphism.
(2) By virtue of Proposition 1.6, the building blocks of polarized endomorphisms are those on Q-abelian varieties and those on rationally connected varieties.
In view of Remark 1.7, we still need to consider an arbitrary polarized endomorphism f of a rationally connected variety X. If X is mildly singular, we can run the minimal model program (MMP) and reach a Fano fibration provided that K X is not pseudo-effective, and continue the MMP for the base of the Fano fibration and so on. Now the problem is that we need to guarantee the equivariance of the MMP with respect to f (or its positive power), i.e., to make sure that the extremal rays contracted during the MMP are fixed by f or its positive power. This is not easy, because there might be infinitely many extremal rays, being divisorial type, or flip type, or Fano type.
In Theorem 1.8, we manage to show the equivariance of the MMP with respect to a positive power of f , generalizing results in [35] for lower dimensions to all dimensions. This is done in Section 6.
For a surjective endomorphism f : X → X of a projective variety X, we say that
is a scalar multiplication if there is some q ∈ R such that f * x = qx for all x ∈ N 1 (X). When alb X is a surjective morphism, if f * | N 1 (X) is a scalar multiplication, then so is (f | Alb(X) ) * | N 1 (Alb(X)) . The converse may not hold even if we assume f to be polarized and replace f by any positive power; see Example 7.2. Nevertheless, we have (i.e. f = f 1 descends to f i on each X i ), with every X i X i+1 a divisorial contraction, a flip or a Fano contraction, of a K X i -negative extremal ray, such that we have:
(1) If K X is pseudo-effective, then X = Y and it is Q-abelian (see Proposition 1.6 or Lemma 4.6 for the lifting of f ).
(2) If K X is not pseudo-effective, then for each i, X i → Y is equi-dimensional holomorphic with every fibre (irreducible) rationally connected and f i is polarized by some ample Cartier divisor H i . The X r−1 → X r = Y is a Fano contraction.
(3) N 1 (X) is spanned by the pullbacks of N 1 (Y ) and those {H i } i<r which are f * -eigenvectors corresponding to the same eigenvalue q = (deg
Remark 1.9. In Theorem 1.8, if we weaken the klt singularities assumption on X to lc singularities, then our lemmas assert that we still can run f -equivariant MMP. We refer to [14] for the LMMP of Q-factorial log canonical pair. However, we could not show that this MMP terminates and could not claim assertions (1) -(2) in Theorem 1.8.
A normal projective variety X is of Calabi-Yau type (resp. Fano type), if there is a boundary Q-divisor ∆ ≥ 0, such that the pair (X, ∆) has at worst lc (resp. klt) singularities and K X + ∆ ∼ Q 0 (resp. −(K X + ∆) is ample). Applying Theorem 1.8 and working a bit more, we have the following result. Theorem 1.10. Let f : X → X be a polarized endomorphism of a smooth rationally connected projective variety X. Then, replacing f by a positive power, we have:
is a scalar multiplication. Namely, f * | N 1 (X) = q id for some q > 1.
(2) The number s of all prime divisors D i with either
, where ρ(X) is the Picard number of X.
and X is of Calabi-Yau type (with s = 1 in Case (iii)).
Our Theorem 1.10 (3) is slightly stronger than that in [3, Theorem C], where they proved that −K X is pseudo-effective, but they did not assume X is rationally connected.
Let X be a normal projective variety. A polarized endomorphism f : X → X is imprimitive if there is a dominant rational map π : X Y to a normal projective variety
We say that f is primitive if it is not imprimitive.
Corollary 1.11. Let f : X → X be a polarized endomorphism of a Q-factorial klt projective variety X such that:
(i) X is not a Q-abelian variety, and
Then, replacing f by a positive power, we have the following assertions.
(1) (X, f ) is equivariantly birational to a Fano variety X r−1 of Picard number one, and f * | N 1 (X) is a scalar multiplication. Precisely, running the MMP on X we get an f -equivariant sequence X = X 1 · · · X r−1 of divisorial contractions and flips, such that X r−1 is a Fano variety of Picard number one with a polarized endomorphism f r−1 of X r−1 (induced from f ).
Remark 1.12.
(1) Corollary [35] in dimension ≤ 4.
The following question is natural from Theorem 1.10 without assuming X to be smooth. Question 1.13. Let f : X → X be a polarized endomorphism of a rationally connected normal projective variety X. Assume that X has at worst Q-factorial terminal singularities. Is (f s ) * | N 1 (X) a scalar multiplication for some s > 0?
The above question has a positive answer when dim(X) ≤ 3; see [35, Theorem 1.2] .
Without the rational connectedness condition, Question 1.13 has a negative answer (see Example 7.1). In view of Example 7.2, though it is a K3 surface with canonical singularities, the terminality condition might be needed too.
Preliminary results
Let X be a projective variety. We use Cartier divisor H (a Cartier divisor is integral, unless otherwise indicated) and its corresponding invertible sheaf O(H) interchangeably. Denote by Pic(X) the group of Cartier divisors modulo linear equivalence and Pic 0 (X) the subgroup of the classes in Pic(X) which are algebraically equivalent to 0. Denote by N 1 (X) := NS(X) ⊗ Z R for the Néron-Severi group NS(X), where
Definition 2.1 (equivalences of Cartier divisors). Let X be a projective variety of dimension n and D a Cartier divisor. D is said to be τ -equivalent to 0 if mD is algebraically equivalent to 0 for some integer m = 0. D is said to be numerically equivalent to 0 if D · C = 0 for any curve C of X. We extend the above two equivalences to the case of R-Cartier divisors. Let E be an R-Cartier divisor. E is said to be τ -equivalent to 0 (denoted by E ∼ τ 0) if E = i a i E i where a i ∈ R and E i is a Cartier divisor τ -equivalent to 0. Similarly, E is said to be numerically equivalent to 0 (denoted by E ≡ 0) if E = i a i E i where a i ∈ R and E i is a Cartier divisor numerically equivalent to 0. It is known that E ∼ τ 0 if and only if E ≡ 0 (cf. [11, Theorem 9.6.3] ). Therefore, one can also regard N 1 (X) as the quotient vector space of R-Cartier divisors modulo the numerical equivalence.
Definition 2.2 (weak numerical equivalence of cycles). Let X be a projective variety of dimension n. Let Z and Z ′ be two r-cycles with real coefficients. Z is said to be weakly 
Then M ≡ 0 (i.e., M · C = 0 for any curve C of X). In particular, if X is normal, then
Definition 2.4. Let X be a projective variety of dimension n. We define:
• Amp(X), the set of classes of ample R-Cartier divisors in N 1 (X).
• Nef(X), the set of classes of nef R-Cartier divisors in N 1 (X).
• PEC(X), the closure of the set of classes of effective R-Cartier divisors in N 1 (X).
• PE(X), the closure of the set of classes of effective (n−1)-cycles with R-coefficients in N n−1 (X).
Clearly, the above sets are all convex cones and contain no lines. Note that PEC(X) can also be regarded as the closure of the set of classes of big R-Cartier divisors in N 1 (X).
Let f : X → X be a finite surjective endomorphism. We may define pullback of cycles for f , such that f * induces an automorphism of N r (X) and f * f * = (deg f ) id; see [35, Section 2] . Note that the above cones are (f
Suppose further X is normal. Let D be a Weil R-divisor. Then D is said to be pseudo- Definition 2.5. Let X be a normal projective variety. Define:
(2)q(X) = q(X) withX a smooth projective model of X; and
Definition 2.6. Let V be a finite dimensional real normed vector space and S ⊆ V a subset.
The convex hull generated by S is defined as
Suppose S is bounded, i.e., there exists some N > 0, such that |s| < N for any s ∈ S.
So the closure of the convex hull generated by S is bounded. Let m be the dimension of the vector space spanned by S.
If S is a finite set, then the convex hull generated by S is a polytope which is covered by finitely many m-simplexes. So for arbitrary S (possibly an infinite set) and the convex hull D generated by S, we may write the element
a i x i with a i ≥ 0,
The convex cone generated by S is defined as
Let A and B be two subsets of
Denote by B(x, r) := {x Let C 1 ⊆ C 2 be two convex cones of V . We say C 1 is an extremal face of C 2 if u+v ∈ C 1 implies that u, v ∈ C 1 for any u, v ∈ C 2 . An extremal face of a closed convex cone is always closed.
Lemma 2.7. Let V be a positive dimensional real normed vector space. Let C ⊆ V be a closed convex cone which spans V and contains no line. Let C ′ ⊆ ∂C be a convex subcone.
Then C ′ is contained in a closed extremal face F ⊆ ∂C. In particular, C ′ is contained in a unique minimal closed extremal face in ∂C.
Proof. Let F := {x ∈ C | x + y ∈ C ′ for some y ∈ C}.
If x 1 , x 2 ∈ F , then x 1 + y 1 ∈ C ′ and x 2 + y 2 ∈ C ′ for some y 1 , y 2 ∈ C. For any a ≥ 0,
If x ∈ F ∩ C • , then x + y ∈ C ′ for some y ∈ C and B(x, r) ⊆ C • for some r > 0.
If p, q ∈ C and p + q ∈ F , then p + q + s ∈ C ′ for some s ∈ C. By the construction of F , we have both p, q ∈ F . So F is an extremal face.
Since C is closed, F is closed too.
By taking the intersection of all extremal faces containing C ′ , we get the minimal one.
In fact, F is already the minimal one. Suppose F ′ is an extremal face containing C ′ .
Then for any
Lemma 2.8. Let V be a positive dimensional real normed vector space. Let C ⊆ V be a closed convex cone containing no lines and F C a positive dimensional extremal face. Proof. Let B ′ be the convex cone generated by S. Let n be the dimension of the vector space spanned by S. Define
where p ∈ F , x i ∈ S and D x 1 ,··· ,x n+1 is the convex polytope generated by
Clearly, η is a continuous function from
Let F >2k := {p ∈ F : |p| > 2k} and
For a linear map f : V → V of a finite dimensional real normed vector space V , denote by ||f || the norm of f .
Proposition 2.9. Let f : V → V be an invertible linear map of a positive dimensional real normed vector space V such that f ±1 (C) = C for a closed convex cone C ⊆ V which spans V and contains no line. Let q be a positive number. Then (1) and (2) below are equivalent.
(1) f (x) = qx for some x ∈ C • (the interior part of C).
(2) There exists a constant N > 0, such that ||f i || q i < N for any i ∈ Z. Let W ⊆ V be the eigenspace of f corresponding to the eigenvalue q. If (1) or (2) above is true, then f is a diagonalizable linear map with all eigenvalues of modulus q. So
Proof. We may assume q = 1 after replacing f by f /q.
(1) ⇒ (2) We may assume |x| = 1. Since x ∈ C
• and C spans V , there exists some t > 0, such that x + tv ∈ C for any v ∈ V with |v| ≤ 1. Since C contains no line, there exists some s > 0, such that x − x ′ ∈ C for any x ′ ∈ C with |x ′ | ≥ s. Suppose that ||f i || is not bounded. Since C spans V , there exist some i 0 ∈ Z and y ∈ C with |y| = 1, such that
Suppose (2) is true. If either the spectral radius of f is greater than 1 or f has a nontrivial Jordan block whose eigenvalue is of modulus 1. Then lim n→+∞ ||f n || = +∞, a contradiction. Similarly, the spectral radius of f −1 is 1. Therefore, the last assertion of the proposition follows.
Then W ∩ C is an m-dimensional closed convex subcone of C in ∂C. By Lemma 2.7,
are still minimal closed extremal faces in ∂C containing W ∩ C. By the uniqueness,
Let B be the closure of the convex hull generated by all f i (y) (i ∈ Z). By (2), B is 
The following lemma slightly extends [32, Lemma 2.2].
Lemma 2.12. Let X be a projective variety of dimension n and D an R-Cartier divisor. Assume the following two conditions: 
NE(X) be an extremal ray generated by a curve C (not necessarily K X -negative). Then we have:
is an extremal ray.
(2) If C 1 is another curve such that f (C 1 ) = C, then R C 1 is an extremal ray.
(3) Denote by Σ C the set of curves whose classes are in Then g • f has the general fibre rationally connected.
Proof. We may assume f and g are surjective morphisms between smooth projective varieties. Let U be an open dense subset of Y such that each fibre of f over U is rationally connected. Let V be an open dense subset of Z such that g • f is smooth over V and each fibre of g over V is rationally connected and has a nonempty intersection with U. Then for any z ∈ V , we have a natural surjective morphism f z : X z → Y z , where Proof. By Lemma 2.15, it suffices to consider the case when f is a Fano contraction. Then the general fibre of f is a klt Fano variety and hence rationally connected by [38] .
Properties of (quasi-) polarized endomorphisms
Lemma 3.1. Let f : X → X be a surjective endomorphism of a projective variety X, such that f * H ≡ qH for some nef and big R-Cartier divisor H and q > 0. Then
Proof. We may assume n := dim(X) > 0. By the projection formula, (f
Lemma 3.2. Let f : A → A be a surjective endomorphism of an abelian variety A. Let Z be a subvariety of
Proof. f isétale by the ramification divisor formula and the purity of branch loci. Then
Lemma 3.3. Let f : X → X be a polarized endomorphism of a projective variety X with deg f = q dim(X) and let Z be a closed subvariety of X with f (Z) = Z. Then
Proof. We may assume f * H ∼ qH for some ample divisor H of X. Then H| Z is also an
The following lemma is true for not-necessarily normal projective varieties by using the Proof. By Lemma 3.1, q dim(X) = deg f . So q is an algebraic integer and also rational by assumption. Hence, q is an integer.
. By Proposition 2.9, F ∞ is a well-defined projection from N 1 (X) onto W . Note that N 1 (X) is spanned by Amp(X), 
we are done.
Proposition 3.6. Let f : X → X be a surjective endomorphism of a projective variety X and q > 0 a rational number. Suppose one of the following is true.
(2) X is normal and f * H ≡ w qH for some big Weil R-divisor H.
Then q is an integer and f * A ≡ qA for some ample Cartier divisor A. Further, if q > 1, then f is polarized. In particular, quasi-polarized endomorphisms are polarized.
Proof. Set n := dim(X). Clearly, f * induces automorphisms on N n−1 (X) and N 1 (X).
For (1), applying Proposition 2.9 to f * | N 1 (X) , PEC(X) and its interior point H, Proposition 2.9(2) holds for f * | N 1 (X) . For (2), applying Proposition 2.9 to f * | N n−1 (X) , PE(X) and its interior point H, Proposition 2.9(2) holds for f * | N n−1 (X) and hence for f
Now for both (1) and (2), applying Proposition 2.9 to f * | N 1 (X) and Nef(X),
has an eigenvector in Nef(X)
• . So f * A ≡ qA for some ample R-Cartier divisor A. By Lemma 3.5, q is an integer and we may assume A is Cartier. Let X be a projective variety. Denote by Aut(X) the full automorphism group of X and Aut 0 (X) the neutral connected component of Aut(X).
Theorem 3.7. Let X be a normal projective variety. Let G be a subgroup of Aut(X), such that for any g ∈ G, g * B g ≡ w B g for some big Weil R-divisor B g . Then [G :
Proof. Take an Aut(X)-equivariant projective resolution π : X ′ → X. We may regard G and Aut 0 (X) as subgroups of Aut(X ′ ). By [4, Proposition 2.1], we can identify Aut 0 (X ′ )
with Aut 0 (X). For any g ∈ G, g fixes some ample class A X in Amp(X) by Proposition 3.6. Since π is birational, A X ′ = π * A X is big and g fixes A X ′ . By [9, Theorem 2.1], 
Proof. Note that f and g induce a natural surjective endomorphism f × g :
Let U be an open dense subset of X such that π| U and π| f (U ) are both well-defined morphisms. Then p 1 is isomorphic over U and f (U). For any (x, y) ∈ p
is open dense in W , W is a projective subvariety of X ×Y , and f ×g is finite surjective. So h(W ) = W . Since
Since p 1 is birational, H ′ is nef and big. So h is quasi-polarized and hence polarized by Proposition 3.6.
Lemma 3.9. Let f : X → X be a surjective endomorphism of a projective variety X. Let π : X 1 → X be the normalization of X. Then there is a surjective endomorphism
Proof. By the universal property of normalization, such f 1 exists. Suppose f * H ∼ qH for some ample divisor H of X and integer q > 1. Let H 1 = π * H. Then H 1 is ample and (if Y is a point, we assume this is always true). In particular,
Proof. Replacing X by the graph of π and by Lemma 3.8, we may assume π is a surjective morphism. Set m = dim(X) and n = dim(Y ). Suppose that f * H X = pH X and g 
Proof. Replacing X by the graph of π and by Lemma 3.8, we may assume π is a surjective morphism. We may also assume dim(Y ) > 0. Since f is polarized, f * | N 1 (X) satisfies Proposition 2.9(2). Since π is surjective, N 1 (Y ) can be viewed as a subspace of N 1 (X) and hence g * | N 1 (Y ) also satisfies Proposition 2.9(2); so the eigenvalues of g * | N 1 (Y ) are of modulus greater than 1. Therefore, Proposition 2.9(1) and Lemma 3.4 imply that g is polarized. The last formula follows from Lemma 3.10. 
Proof.
Replacing X by the graph of π and by Lemma 3.8, we may assume π is a generically finite surjective morphism. If f is polarized, then g is polarized by Theorem 3.11. Suppose
Since π is generically finite surjective, H X is nef and big. Note that f * H X ∼ qH X . So f is quasipolarized and hence polarized by Proposition 3.6.
Special MRC fibration and the non-uniruled case
We refer to [31, Section 4] for the following result. 
where alb X and alb Y are the Albanses maps of X and Y respectively. Suppose π has the general fibre rationally connected (cf. Definition 2.14). Then p is an isomorphism. Lemma 4.3. Let f : X → X be a polarized endomorphism of a non-uniruled normal projective variety X. Then X is Q-abelian with canonical singularities and K X ∼ Q 0.
Further, there is an abelian variety A, such that the following diagram is commutative:
where f A : A → A is a polarized endomorphism and τ is a finite surjective morphism which isétale in codimension one. 
where f A : A → A, f S : S → S are polarized endomorphisms, and τ is a finite surjective morphism which isétale in codimension one. Since S is non-uniruled, S is Q-abelian by [17, Theorem 1.21] and hence dim(S) = q • (S) = 0 in the notation of [32] as in their definition of weak Calabi-Yau.
Remark 4.4. Assume X is a Q-abelian variety or just assume there is a finite surjective morphism A → X with A an abelian variety. Since A is a homogeneous variety, any effective divisor on A is nef. The same holds on X by the projection formula. Hence if f : X → X is quasi-polarized, it is also polarized without using Proposition 3.6.
We refer to the proof of [32, Proposition 3.5] for the following lemma.
Lemma 4.5. Let X be a normal projective variety with klt singularities and K X ∼ Q 0 and let σ :X → X be the global index-one cover. Then for any surjective endomorphism
Lemma 4.6. Let X be a normal projective variety with klt singularities and K X ∼ Q 0 (this is the case when X is Q-abelian) and let f : X → X be a polarized endomorphism.
Then there exist a finite surjective morphism τ : A → Xétale in codimension one with
A an abelian variety and a polarized endomorphism f A :
In particular, X is Q-abelian.
Proof. Let σ :X → X be the global index-one cover, i.e. the minimal quasi-étale cyclic covering satisfying KX ∼ 0. Then there is a polarized endomorphismf :X →X satisfying σ •f = f • σ by Lemmas 4.5 and Corollary 3.12. Since KX is Cartier andX is klt,X has canonical singularities. In particular, κ(X) = 0 and henceX is non-uniruled.
Now by Lemma 4.3, there exist a finite surjective morphism τ ′ : A →X which isétale in codimension one with A an abelian variety and a polarized endomorphism f A : A → A,
Thus the lemma is proved since τ = σ • τ ′ is stillétale in codimension one by the ramification divisor formula.
Lemma 4.7. Let X be a Q-abelian variety and f : X → X a surjective endomorphism. Assume the existence of a non-empty closed subset Z X and s > 0, such that f −s (Z) = Z. Then f is not polarized.
Proof. Replacing f by f s , we may assume f −1 (Z) = Z. Suppose that f is polarized.
By Lemma 4.6, there exist a finite surjective morphism τ : A → X with A an abelian variety and a polarized endomorphism
. So we may assume that X is an abelian variety; and replacing f by a positive power, we may also assume that Z is irreducible. By Lemma 3.2, deg f | Z = deg f ; and by Lemma 3.
. Since dim(Z) < dim(X) and deg f > 1 by Lemma 3.1, we get a contradiction.
Proof of Corollary 1.4 and Proposition 1.6
We begin with the following lemmas. 
is an isomorphism, and alb X is a morphism. In particular, if h 1 (X, O X ) = 0, then alb X is nontrivial. (1) All the fibres of π are irreducible.
(2) π is equi-dimensional. 
). Since f is also a closed map, the set f (π −1 (y)) is both open and closed in the connected fibre π −1 (g(y)) and hence g(y) ). So the claim is proved.
Let
Σ 1 is closed and has finitely many irreducible components,
and
is not rationally connected}.
By (1), π is equi-dimensional outside Σ 2 . Since f is finite surjective,
By (1) Taking the Stein factorization of the composition W ′ → W → X, we get a birational morphism p
Since p 2 is equi-dimensional, by the base change, τ 2 isétale in codimension one. Let U ⊆ X be the domain of p 3 (U) → U of τ 3 isétale in codimension one, since so is τ 2 . Therefore, τ 3 isétale in codimension one. In particular, by the ramification divisor formula,
by [24, Proposition 5.20] and hence X ′ has rational singularities by [24, Theorem 5.22] .
Clearly,
) by Lemma 5.1 and the universal property of the Albanese map. Suppose π is not defined over some
3 (x) has only finitely many points. This is a contradiction.
Lemma 5.4. Let X be a projective variety with a polarized endomorphism f : X → X. Then the Albanese map alb X : X Alb(X) is a dominant rational map.
Proof. Replacing X by the normalization of the graph of alb X and by Lemmas 3.8 and 3.9, we may assume X is normal and alb X is a well-defined morphism. Replacing X by the base of the special MRC fibration of X and by Lemmas 4.1, 4.2 and Theorem 3.11, it suffices to consider the case when X is a non-uniruled normal projective variety. By 
Minimal Model Program for polarized endomorphisms
We follow the approach in [35, Lemma 2.10] and get the following general result:
Lemma 6.1. Let f : X → X be a polarized endomorphism of a projective variety. Suppose A ⊆ X is a closed subvariety with
Proof. We may assume n := dim(X) ≥ 1. By the assumption, f * H ∼ qH for some ample
Cartier divisor H and integer q > 1.
We first assert that if M ≥0 (A) is a finite set, then so is M(A). Indeed, suppose f r 1 (A) = f r 2 (A) for some 0 < r 1 < r 2 . Then for any i > 0,
So the assertion is proved.
Next we show that M ≥0 (A) is a finite set by induction on the codimension of A in X. We may assume k := dim(A) < dim(X). Let Σ be the union of Sing(X), f −1 (Sing(X)) and the irreducible components in the ramification divisor R f of f . Set
We claim that A i is contained in Σ for infinitely many i. Otherwise, replacing A by some A i 0 , we may assume that A i is not contained in Σ for all i ≥ 0. So we have
Thus for infinitely many i, a i ≥ q n−k > 1. Hence A i ⊆ Σ. This proves the claim.
If k = n − 1, by the claim, f r 1 (A) = f r 2 (A) for some 0 < r 1 < r 2 . Then |M ≥0 (A)| < r 2 .
If k ≤ n − 2, assume that |M ≥0 (A)| = ∞. Let B be the Zariski-closure of the union of those A i 1 contained in Σ. Then k + 1 ≤ dim(B) ≤ n − 1, and
, · · · all have the same number of irreducible components. Let X 1 be an irreducible component of B ′ of maximal dimension.
is a finite set. So we may assume that f −1 (X 1 ) = X 1 , after replacing f by a positive power and X 1 by its image. Note that f | X 1 is polarized. Now the codimension of A i 1 in X 1 is smaller than that of A in X. By induction, M ≥0 (A i 1 ) and hence M ≥0 (A) are finite.
Let X be a log canonical (lc) normal projective variety. We refer to [13, Theorem 1.1] for the cone theorem and [1, Corollary 1.2] for the existence of log canonical flips.
Lemma 6.2. Let X be a lc normal projective variety and f : X → X a surjective endomorphism. Let π : X → Y be a contraction of a K X -negative extremal ray R C := R ≥0 [C] generated by some curve C. Suppose that E ⊆ X is a subvariety such that dim(π(E)) < dim(E) and f −1 (E) = E. Then replacing f by a positive power, f (R C ) = we have the linear exact sequence
We claim that S is a hypersurface (an algebraic set defined by a non-zero polynomial)
in the complex affine space N 1 C (X)| E and L is an irreducible component of S in the sense of Zariski topology. Indeed, let {e 1 , · · · , e k } be a fixed basis of N
dim(E) = 0} is determined by a homogeneous polynomial of degree dim(E) and the coefficient of the term i x ℓ i i is the intersection number e
and S have the same dimension, L is an irreducible component of S. The claim is proved.
The pullback f * induces an automorphism of N 1 C (X)| E . Note that f * E = aE (as cycles) for some a > 0, and (f
. By Lemma 2.13 and since f −1 (E) = E, we have f
Write f * (C ′ ) = eC where e > 0. Now we have
Thus, R C ′ = R C and hence f (R C ) = R C . The last assertion is true since the contraction π is uniquely determined by the ray R C .
Remark 6.3. In Lemma 6.2, if E = X i.e., if π is a Fano contraction, then π is f sequivariant for some s > 0. This is also a corollary of [34, Theorem 2.2] by showing that X has only finitely many Fano contractions.
Lemma 6.4. Let f : X → X be a polarized endomorphism of a Q-factorial lc projective variety X. Suppose that π : X → X 1 is a divisorial contraction of a K X -negative extremal ray R C := R ≥0 [C] generated by some curve C. Then f s descends to a surjective endomorphism of X 1 for some s > 0.
Proof. Let E be the exceptional divisor. Then E is irreducible (cf. [24, Proposition 2.5]).
By Lemma 2.13,
is a finite set. So we may assume f −1 (E) = E after replacing f by its positive power. Then π is f s -equivariant for some s > 0 by Lemma 6.2.
Lemma 6.5. Let f : X → X be a polarized endomorphism of a lc projective variety X. Let σ : X X + be a flip with π : X → Y the corresponding flipping contraction of a K X -negative extremal ray R C := R ≥0 [C] generated by some curve C. Then the commutative diagram
Proof. Let E be the exceptional locus of π. By Lemma 2.13, Lemma 6.8. Let f : X → X be a polarized endomorphism of a Q-factorial klt projective variety X. Suppose that K X is movable. Then X is Q-abelian.
Proof. First we claim that K X ∼ Q 0. Since K X is movable, K X is pseudo-effective and satisfies the first condition of Lemma 2.12. Suppose that f * H ∼ Q qH for some ample divisor H of X and q > 1. Taking intersection numbers with (f * H) n−1 = f * H · · · f * H of the both sides of the ramification divisor formula
Since K X and R f are pseudo-effective, K X · H n−1 = 0. So by Lemma 2.12, K X ≡ 0 and hence K X ∼ Q 0 by [29, Chapter V, Corollary 4.9] .
Now the lemma follows from Lemma 4.6.
Lemma 6.9. Let f : X → X be a polarized endomorphism of a Q-factorial klt projective variety X. Assume that K X is pseudo-effective. Then X is Q-abelian.
Proof. We run MMP on X. Since K X is pseudo-effective, we will never arrive at a non-birational contraction. By running finitely many steps, we get a birational map π : X Y such that any MMP starting from Y will always be a sequence of flips.
Replacing f by a positive power, f descends step by step by Lemmas 6.4, 6.5, and Theorem 3.11. Let g = f | Y and g * H ∼ Q qH for some ample Cartier divisor H of Y and q > 1.
We claim that K Y is movable. Take an ample divisor A of Y and a sequence of positive numbers t j approaching 0. By [2] , we can run (K Y + t j A)-MMP on Y with scaling of A to obtain a birational map
such that K Y j +t j A j is nef and hence movable. Since Y and Y j are isomorphic in codimension 1 and they are both Q-factorial, we have a natural isomorphism π *
Note that Y is Q-abelian by Lemma 6.8 and g is polarized. Then X → Y is a birational equi-dimensional morphism by Lemma 5.3. This is possible only when X → Y is an isomorphism by the Zariski's main theorem (cf. [18, Chapter V, Theorem 5.2]).
Examples of polarized endomorphisms
In the example below, f : Z → Z is polarized, but, (
is not a scalar multiplication for any i > 0. 
has two real eigenvalues, counting multiplicities. This is a contradiction. Hence f is polarized.
Next we show the existence of a polarized endomorphism g : S → S, such that
is not a scalar multiplication for any i > 0 while (g| Alb(S) ) * | N 1 (Alb(S)) is a scalar multiplication.
Example 7.2. We use the notation in Example 7.1. Let G be a group generated by diag[−1, −1] and denote by S = Z/G which is a normal K3 surface. Since q(S) = 0 and S has rational singularities, the Albanese map is trivial by Lemma 5.1. Note that f is G-equivariant, and π : Z → S is a finite surjective morphism. So g = f | S is also polarized by Theorem 3.11. Next we claim that (g i ) * | N 1 (S) is not a scalar multiplication for any i > 0. Clearly, it suffices to show that ρ(S) ≥ 2 (then it follows that ρ(S) = 3 since f * | N 1 (Z) has only one real eigenvalue, counting multiplicities). Suppose ρ(S) = 1.
2 and hence π(E 0 ) is not ample, a contradiction.
Example 7.3. We construct polarized endomorphisms f : X → X such that:
(1) dim(X) = m + n − 1 with m ∈ {4, 6} and 0 < n < m, (2) X has Q-factorial terminal (quotient) singularities and is rationally connected, ) act diagonally on the abelian variety A = E n = E × · · · × E, with E being an elliptic curve such that G has no nontrivial pseudo-reflection (and hence A/G is Q-abelian) and A/G is rationally connected. This is achievable by letting E = C/(Z + Zζ m ) and choosing suitable m > n > 0 (e.g., m = 4, 6 and 0 < n < m); see [7] and [22, Corollary 25] . Let G act diagonally on
Then X = W/G projects to rationally connected A/G with the general fibre P m−1 and hence it is also rationally connected by [16, Corollary 1.3] . For any nontrivial g ∈ G, g| A contributes a positive value to the age a(g) and hence a(g) > 1. So X is Q-factorial terminal. Now the multiplication map µ r : A → A, a → ra, with r ≥ 2, is polarized such that µ * r H = r 2 H for any symmetric ample divisor H on A. The power map
Thus f W = (q P , µ r ) is a polarized endomorphism of W and it descends to a polarized endomorphism f on X (f W commutes with the G-action). Since G also has no non-trivial pseudo-reflections on W , the quotient map γ : W → X is quasi-étale, K W = γ * K X , and
Hence the topological fundamental group π 1 (X reg ) of the smooth locus of X is the extension of Z/(m) by Z ⊕2 dim(A) , and q ♮ (X) = dim(A) > 0.
For (6), we take D ′ i as the pullback to W of the coordinate hyperplane
8. Proof of Theorem 1.8
Proof of Theorem 1.8. If K X is pseudo-effective, then (1) follows from Lemma 6.9 and (3) and (4) Then the final map X r−1 → X r is a Fano contraction. So (2) is proved.
Via the pullback, N 1 (X i+1 ) can be regarded as a subspace of N 1 (X i ) and hence a
is a codimension one subspace of N 1 (X i ) by the cone theorem and
) and H i . Together, N 1 (X) is spanned by N 1 (Y ) and those
Clearly, if i < r, then dim(X i ) > 0. By Proposition 2.9 and Lemmas 3.1 and 3.10, the eigenvalue of H i is the same q = (deg
(4) is straightforward from (3).
9. Proof of Theorem 1.10 and Corollary 1.11
Lemma 9.1. Let f : X → X be a polarized endomorphism of a Q-factorial klt projective variety X. Suppose either one of the following conditions (which are not automatic even for rationally connected terminal X; see Example 7.3).
(i) q ♮ (X) = 0 (see Definition 2.5).
(ii) The smooth locus X reg of X has finite algebraic fundamental group π alg 1 (X reg ). Then X is rationally connected and (f s ) * | N 1 (X) is a scalar multiplication for some s > 0.
Proof. By Theorem 1.8, for some s > 0, there is an f s -equivariant equi-dimensional fibration π : X → Y with irreducible fibres and Y being a Q-abelian variety. Let A → Y be the finite coverétale in codimension one with A an abelian variety. Denote by X ′ the normalization of X × Y A which is irreducible since π has irreducible fibres. Then the projection p 1 : X ′ → X is a finite surjective morphismétale in codimension one.
Note that q(A) ≤ q ♮ (X ′ ) = q ♮ (X). So Condition (ii) implies that dim(A) = 0. Assume Condition (i) and dim(Y ) > 0. Replacing A by itsétale cover, we may assume deg p 1 > |π alg 1 (X reg )|. Since p 1 isétale in codimension one, we get a contradiction by the purity of branch loci. In particular, both two conditions imply that A = Y is a point and hence X is rationally connected by Theorem 1.8. Now (f s ) * | N 1 (X) is a scalar multiplication by Theorem 1.8.
Proposition 9.2. Let f : X → X be a polarized endomorphism of a Q-factorial klt projective variety X with the irregularity q(X) = 0 (this is the case when X is rationally connected). Suppose that f * | N 1 (X) = q id for some q > 1. Then the following are true.
(1) If the Iitaka D-dimension κ(X, F ) = 0 for a prime divisor F , then f −1 (F ) = F . Proof. We follow the approach of [35, Claim 3.15] . Since q(X) = 0, numerical equivalence implies Q-linear equivalence.
(1) If f −1 (F ) = F , then f * F ∼ Q qF but f * F = qF . So κ(X, F ) > 0. Y is non-uniruled. This contradicts that X is rationally connected.
Proof of Theorem 1.10. Since X is smooth, any quasi-étale morphism onto X isétale by purity of branch loci. Since X is smooth and rationally connected, X has no non-triviaĺ etale cover; see [8, Corollary 4.18] . In particular, q ♮ (X) = q(X) = 0. Then (1) follows from Lemma 9.1. The assertions (2), (3), and (4) and hence X are rationally connected; see [38] . By Theorem 1.8(4), f * | N 1 (X) is a scalar multiplication. Thus Proposition 9.2 is applicable.
(2) By taking pullback, we may regard N 1 (X i ) as a subspace of N 1 (X) for each i. Let 0 < i 1 < i 2 < · · · < i s < r (s can be taken as 0) be all the indexes such that X i → X i+1 is a divisorial contraction if i = i t for some 1 ≤ t ≤ s. Denote by E t the exceptional divisor of X it → X it+1 . Note that N 1 (X it+1 ) is a codimension 1 subspace of N 1 (X it ) by the cone theorem and −E t is relative ample over X it+1 by Lemma 2.10. So N 1 (X it ) is spanned by N 1 (X it+1 ) and E t . Together, N 1 (X) is spanned by N 1 (X r−1 ) and those E t (E t may not be a prime divisor in N 1 (X)).
Note that the MMP is f s -equivariant for some s > 0. So replacing f by a positive power, we may assume f −1 (E t (k)) = E t (k) for each irreducible component E t (k) of E t .
Let R f be the ramification divisor of f , R f r−1 the ramification divisor of f r−1 , and R ′ the strict transform of R f r−1 on X. Clearly, R f ≥ R ′ . If R f r−1 = 0, then K X r−1 = f * K X r−1 ≡ qK X r−1 as we see in (1) , and hence (q − 1)K X r−1 ≡ 0. This is absurd because X r−1 is a Fano variety. So R f r−1 = 0 and hence R ′ = 0. In particular, N 1 (X) is spanned by R ′ and those E t , since X r−1 is of Picard number 1.
Let A be an ample divisor in N 1 (X). We may write A = s t=1 a t E t + bR ′ for some a t , b ∈ R. Note that R f ≥ R ′ and eR f ≥ s t=1 E t for some e ≫ 1 since R f ≥ E t (k) for each t and k. Then cR f = A + F for some pseudo-effective R-Cartier divisor F if c ≫ 1. So R f is big and hence −K X ≡ 1 q−1 R f is big.
